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EIGENFUNCTIONS OF THE LAPLACIAN
ON ROTATIONALLY SYMMETRIC MANIFOLDS

MICHEL MARIAS

ABSTRACT. Eigenfunctions of the Laplacian on a negatively curved, rotation-
ally symmetric manifold M = (R™, ds?), ds? = dr?+ f(r)2d6?, are constructed
explicitly under the assumption that an integral of f(r) converges. This inte-
gral is the same one which gives the existence of nonconstant harmonic func-
tions on M.

1. INTRODUCTION

Let us equip R™, n > 2, with a Riemannian metric which can be written in polar
coordinates as

ds* = dr® + f(r)>d6?,
(1) s*=dr + f(r)

f(0)=0, f(0)=1, and f(r) >0, Vr > 0.

R"™ with the metric (1.1) becomes a rotationally symmetric manifold M. M is
called a weak model in [9] and a Ricci model in [1]. The Laplace operator in these
coordinates is

A= f(r)*Dg + 07 + (n—1)f(r) " f'(r)or,
where Ay is the Laplace operator of the unit sphere S,,_1(0,1) = S. In this paper
we assume that the radial curvature k(r) = —f”(r) f(r)~! is negative.
In this paper we give a method of constructing eigenfunctions of the Laplacian
A with eigenvalue A > 0, provided that

(1.2) a9y = [ s [T o1 < o

The integral J(f) is the same which gives the existence of nonconstant bounded
harmonic functions on M. In [12], March, using a probabilistic approach, proved the
following alternative: If J(f) < oo, then there exist nonconstant bounded harmonic
functions on M, while if J(f) = oo, there are none such.

The integral J(f) is closely related to the radial curvature. Indeed, if c3 = 1,
¢n =1/2,n > 3, then, [12], under the assumption that k(r) is nonpositive, it follows
that

J(f) < +oo, if k(r) < , for ¢ > ¢, and large 7,

—c
r2logr
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while
J(f) = 400, if k(r) >

———, for ¢ < ¢, and large .
r2logr

This alternative had been observed before March by Milnor, [14], in dimension 2
and in part by Choi, [3], in dimension 3. In [13], using generalised Poisson kernels, it
is proved that J(f) < +oo is a sufficient condition for the existence of nonconstant
bounded harmonic functions on M.

Under the assumption (1.2), eigenfunctions Wy, A > 0, of A with eigenvalue
A, are constructed explicitly in Section 3 by means of the heat kernel Kg of the
unit sphere S and a subordination measure p(A,r,t)dt, ¢ > 0. More precisely, in
Section 2, we show that there exists a positive and nondecreasing #-independent
eigenfunction g(\,7), r > R, with eigenvalue A > 0, such that g(A, R) = 1. The
measure p(A,7,t) is a solution of the parabolic equation Oyp = B, ap, where

By = f(r)?07 + {(n = D) f(r)f'(r) + 2 (r)°g' (X, 1)g (X, 7)1 } 0.

The measure (A, 7, t) is in fact the law of the first hitting time of the boundaries
of (R, 00) by the diffusion associated with the operator B, x. This gives the splitting
= p1+ pe2, where py (resp. uo) is related to the first hitting time of co (resp. R).

In Section 3, Theorem 9, we show that if J(f) < oo, then for any hy, ho € C°(5)
and A > 0,

(13) W0 =g Y / / Ks(t,0,0")h; (6'); (A v, £)de/ dt,
j=1,270 /S
is an eigenfunction of A with eigenvalue A, outside the ball B(0, R), such that
(1.4)
lim g(\,7) " Wx(r,0) = hi(f) and linll%g()\,r)_lW,\(r, 0) = ha(0).

In a second step, using the probabilistic interpretation of harmonic functions, it
is proved, Theorem 11, that an eigenfunction on B(0, R)¢ which satisfies (1.4) is
given by (1.3). This allow us to extend uniquely to the whole of M the eigenfunction
Wi(r,8) given by (1.3), Theorem 12.

Finally, in Section 4, we treat the case of the Euclidean upper-half space R’}FH.
The Poisson kernels which give rise to the eigenfunctions with eigenvalue A > 0 are
computed explicitly and reduce to the classical one as A — 0.

2. THE SUBORDINATION MEASURES

In this section we construct a pair of measures 1, (A, 7, t)dt, j = 1,2, which enable
one to write down explicitly eigenfunctions of the Laplacian with eigenvalue A > 0.
We start with the existence of a #-independent eigenfunction g(A, r).

Lemma 1. For any A>0, there ezists a positive and nondecreasing 6-independent
eigenfunction g(A,r), r > 0, with eigenvalue A > 0, such that g(\,0) = 1.

Proof. The radial part of A is given by 92 + (n—1) f(r)~! f'(r)9, and f(r) ~ r, for
r small enough. So, if

B(r) = / (n— 1) ()f ()" ds = (n— 1) log f(r) (1),

then
eBr) — cf(r)"~ ' ~ "1 for r small enough.
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The integral tests as in [5], p. 408, give that 0 is an entrance boundary and the
result follows. O

Let Wy (r,0) be an eigenfunction of A with eigenvalue A > 0. If we set
wx(r,0) = g(A, )T Wa(r, 0),

then it is straightforward to check that wy(r,0) is a harmonic function for the
operator Ay + B, », where

Brx = f(r)?02 4+ {(n = 1) f(r)f'(r) + 2f(r)*g' (A, r)g(A\, )~ } Or
=a(r)0? + b(r)o,.

Lemma 2. If J(f) < oo, then for any X\ > 0, the origin is an entrance boundary
for the operator B, x, while 400 is an exit boundary.

Proof. As in Lemma 1 we set

W(r) = /1T b(s)a(s)"tds = (n — 1) log f(r)f (1)~ + 2log g(\, 7)g(\, 1)L
So,
M =cf ()" rg(A )~

for r small enough, since g(\,r) ~ 1, as r — 0, by Lemma 1. It follows ([7], p.515),
that 0 is an entrance boundary.

On the other hand, since the radial curvature is negative, we get that f(r) > cr
([9], p-36). This yields

/ eV dr = c/ F)" g\ )2 dr > cg(, 1)2/ "t dr = +oo,
1 1 1

since g(A, r) is nondecreasing by Lemma 1. Therefore, +0c is not a regular bound-

ary. But
/ e~ W) dr/ eW(S)a(s)_1 ds
1 1
= c/ frt g\ r) 2 dr/ f(8)"3g(\, 5)%ds
1 1

< T prar / sy dds = I()),

since g(A,r) is nondecreasing. From Fubini’s theorem we get that I(f) = J(f) <
400, S0 400 is an exit boundary. O

From now on we fix a positive R. As in Lemma 2, one can show that R is a
regular boundary for B, ». Therefore the situation is the same as in [11], Section 3.
Following the method developed in [11], one can prove the statements below, which
we give without proof.

Lemma 3. If J(f) < oo, then for any A > 0 and k > 0, there exists a positive and
nondecreasing solution (X, k,r) of the equation

(21) BT,)\@(AvkaT) = k(p(AvkaT)a e (R,OO),
such that (A, k, R) =0 and o\, k,7)—1, as r — oo.
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The function ¢(A, k,r) appearing in Lemma 3 has the following probabilistic
interpretation. Let us denote by 7 the diffusion on (R,c0) associated with the
operator By, and let o (resp. 7) be the first hitting time of oo (resp. R) by
r) starting at » > R. The explosion time of 7 is then given by ¢ = o A 7. Let
us also denote by P, , the probability attached to the motion r and by E),, the
corresponding expectation.

Lemma 4. If J(f) < oo, then for any A > 0,
Py, {{ < +o0} =1, ¥r € (R, ),
and
(2.2) e\ k,r) = E5 . ("), Vr € (R, 00),
where P)’\)T is the restriction of Py, to the set {1y of the paths rt)‘ such that 7"3 = 00.
As in [11], Section 3, using (2.2), one can show the following
Proposition 5. If J(f) < oo, then for any A > 0 and r € (R, 0), there exists a
positive, bounded and C* function t — uy(\,r,t), t > 0, such that
(2.3) o\ ki r) = /O T e O t) dt,

(2.4) Orpr = By ap,

(2.5) pr(A, ) =o(t™), Ym >0, as t — 0, and tlim (A, rt) =0,

(2.6) / (A, t)dt < 1, for any A >0, and r € (R, 00).
0

Remark 6. From (2.3) of Proposition 5 and the boundary values of (A, k,r), we
deduce that

(27) u1()\7 T t) - 50(t)3 as r— o0,
in the sense of distributions, and
(2.8) (A, t) — 0, as 7 — R.

Remark 7. The subordination measure 1 admits a companion ue which, like iy,
is related to the first hitting time 7 of R. Indeed, since 0o is an exit boundary and
R is a regular one, there exists a positive and nonincreasing solution V(A k,r) of
(2.1) such that Y(\ k,R) = 1 and v(A\, k,7) — 0, as r — oo. As in the case of
@, the subordination measure po associated with ¢ satisfies the properties stated for
w1 in Proposition 5. From the boundary values of v we get that

(2.9) p1(A,rt) — 0o(t), as r — R,
and
(2.10) (A, t) — 0, as r — oo.

Remark 8. For any A >0 and r € (R,0), we set pn = pu1 + pa. The measure p is
the law of the explosion time ¢ = o AT of the diffusion 1. Indeed, as in Lemma 4,
we have
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Exr (e75) = Exy (€7 xq,) + Exr (€7 xas)
= E}xﬂ‘ (e_kUXﬂl) + E}xﬂ‘ (e_kTXQE) = QO()\u ka T) + ’@[J()\u k7 T)

= / e Fu(\, r,t)dt.
0

3. A CLASS OF EIGENFUNCTIONS

In this section, using the subordination measures, we construct, in a first step,
eigenfunctions of A outside the ball B(0, R), with eigenvalue A > 0. In a second
step, we show that they can be extended uniquely to the whole of M.

Theorem 9. If J(f) < oo, then for any A > 0 and hy, hy € C*°(S),

(31 Wam0) =g Y /OOO/SKs(t,9,9’)hj(9’)uj()\,r,t)d9’dt,

j=1,2
is an eigenfunction of A outside the ball B(0, R), with eigenvalue X > 0, such that
(3.2)

lim g(\,7) " Wi (r,0) = hi(0) and hnllag(/\,r)_lWA(r, 0) = ha(6).

T —00

Let us set
(3.3)

Wi(r,6) = g()\,r)/ /Ks(t,9,9’)@(9’)%@,7«,@@, =12
0 S

According to the boundary behaviour of the measures pi1, p2, given in Remark 6
and Remark 7 of Section 2, for the proof of the Theorem 9, it suffices to show that
W (r,0) are eigenfunctions of A outside the ball B(0, R), with eigenvalue A > 0,
such that

(3.4)

lim g(\,7)"'Wi(r,0) = h1(6) and lirr}%g(/\,r)_lW/\l(r, 0) =0,
and
(3.5)

lim g\, 7)"'WE(r,0) =0 and hnll%g(/\,r)_le(r, 0) = ha(6).

T —00

Below, we treat the case of W} (r, ). The treatment of W(r,6) is similar.
Let us set w}(r,0) = g(A\,r)"*W](r,0). For the proof of Theorem 9, it suffices
to show that w} satisfies the following Dirichlet problem:
(Ag + By y)wi(r,0) =0, r € (R,00), €8S,

(3.6) lim w}(r,0) = h1(), and lirrll%wi(r, 0) = 0.

In general, the proof of (3.6) is probabilistic, [12], [11]. Here, we give an analytic
proof since estimates of 9; K g are available. Indeed, since S is a complete manifold
with strictly positive Ricci curvature, then

(3.7) 0K s(t,6,60)] < cV(0,VE) 4 (14a?/t) TF e ®/4,

for all t > 0, V 6,0’ € S, where V(0,r) is the volume of the ball B(#,r) and
d = d(0,6") is the distance of 6, §’. (See for instance the survey article [15], Theorem
4.2 combined with Example 1.)
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Using the volume estimates of [2]:
a™v(0,1) <V(0,t) <V(0,1), Vo e S, Vt<1,

we get from (3.7) that for t <1
(3.8) 01K s(t,6,60")] < eV (0,1) 45 (14 d2/t)' "% e /4
On the other hand, from (3.7) it follows that for ¢t > 1,
(3.9) 01K 5(t,0,60)] < cVol(S) " ¢! (1+d?/t) % e=@/2,
Lemma 10. If J(f) < oo, then for any X > 0 and hy € C*°(S):

(i) The integral

wl(r,0) = / / Ko(t, 0,00 (0)ua (O, t) do’ dt
o Js
is absolutely convergent and satisfies
lim w3 (r,0) = hy(0), and lin}%wi(r, 0) = 0.

(i) The integral

/ / 0K st 0.0 )h (6" n (M, 7 £) O di
o Js
is absolutely convergent.

Proof. (i) For any hy € C*(S),

/ /Kﬁﬁwwwﬂmwnmﬂﬁ
0 S

smww/ s t) dt < bl
0

since [¢ Kg(t,6,6')d0’ =1, by [16], and [~ pu1 (A, r,t) dt < 1, by (2.6).
So, t — [ Ks(t,0,0')h1(6')d6’ belongs in L' (u1). Thus lim wy(r,0) = hi(6) by

(2.7) since C§° is dense in L!(uy). From (2.8) we get that lirrll%wi(r, 6) = 0.

(ii) Suppose for instance that d < 1. Bearing in mind that V(0,T)>c, V0 €
S, VT > 1, the estimates (3.7), (3.8) and (3.9) of 9; K give

/ |0:Ks(t,0,0")| (A, r,t)dt
0

d? n ,
< c/ I (L4 d2/) T e P (M) dt
0
1 o'}
—|—c/ t_l_%e_dz/“,ul()\,r,t)dt—l—cvol(S)_lf t (N, t) dt
d

2 1

1
< cd"+2/ "2 (A, t) dt
0

1 00
—l—c/ t_%_lul(/\,r,t)dt—i—c/ T (N t)dt <,
0 1

since t — p1(A, r,t) is infinitely flat near ¢ = 0 by (2.5), and
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/ t (N, t) dt < (/ t—2dt> (/ ul(/\,r,t)zdt)
1 1 1

1
oo 2
<l ([T monrnar) <e
1
by (2.6). This gives that

o=

/ / 0K (1, 0,6 Yhy (6)] jin (A, v, )6 dt < |,
0 S
if d < 1. The case d > 1 is similar. O

End of the proof of Theorem 9. It remains to show that
(Ag + Brx)wy(r,0) =0, 7 € (R,00), 0 € 8S.

From Lemma 10 we get

Agwl (r,0) = / / NoKs(t,0,0ha (6) i (M1, ) 6 dt
0 S

. / / Ks(t,0,0)h1 (0/)0hur (A, 7, 1) 49’ dt = — By ywl (1, 0),
0 S
since 3t,u1 = BT))\[Ll, by (24) O

Theorem 11. If J(f) < oo, then for any A\ > 0 the eigenfunction W (r,0) defined
by (3.1) is the unique eigenfunction satisfying (3.2).

Proof. The proof of the theorem is probabilistic and is based on the integral repre-
sentation of bounded harmonic functions.

Let Ux(r,8) be an eigenfunction of A outside the ball B(0, R), with eigenvalue
A > 0, satisfying (3.2). Then uy(r,0) = g(\,r)"1Ux(r,0) satisfies the Dirichlet
problem (3.6).

Let us denote by B; the Brownian motion on S. The diffusion on B(0, R)¢ asso-
ciated with the operator Ag+ B, y is (Bt, Tg\) . We choose rt)‘ independent of B;. Let
us also denote by Py the probability attached to the Brownian motion B;. From the
independence of the motions By, 77, it follows that the probability P();,e) attached
to the motion (Bt, r,f‘) splits to the product PyP2. Finally, from the fact that By
does not explode, we get that the explosion time of the product motion (Bt, 7“?) is
in fact the explosion time ( = o A 7 of r*, which satisfies

(3.10) P{.g){¢ < +00} = PM{( < o0} =1,

by Lemma 4 of Section 2.

From (3.10) and [8], Theorem 2.1, p.127, and Remark 2, p.130, it follows that
every bounded harmonic function uy(r,6) for the operator Ag + B, » on B(0, R)®
has the following integral representation:

(3.11) ux(r,0) = EgE} { ¥ (B¢, 17) }

where U is the boundary value of uy (r, 8). But, the boundary of B(0, R)¢ is S(0, R)U
Soo, Where the ”sphere at infinity” S is isomorphic to the unit sphere S, [4].
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Therefore

(3.12) U(r,0) = {Z:EZ; i - ;oo

From (3.11), (3.12) and the fact that u(A,r,t) is the law of the explosion time (,
we obtain that

o)=Y / / Ks(t,0,6)h; (8" ;O\, £)d60 dt,
Tiedo Js
and the result follows. O

Theorem 12. The eigenfunction Wy(r,0) defined by (3.1) extends uniquely to the
whole of M.

Proof. By (1.1) and Lemma 1, the operator Ag + B, » has bounded coefficients on
the bounded domain B(0, R). Further, its boundary S(0, R), is regular. So, by [§],
Theorem 3.1, p.142, the Dirichlet problem

{A¢ + B2} u=0, ¥(r,0) € B(0,R),
u(r,0) — ha(9), asr — R,
admits a unique solution which is given by
u(r,0) = Eg By {ha (r7) }
where T' = inf {¢ > 0| r} = R} is the first hitting time of 5(0, R). |

4. THE EUCLIDEAN UPPER HALF-SPACE

In this section we treat the case of the Fuclidean upper half-space R’}FH. The
Poisson kernels which give rise to the eigenfunctions with eigenvalue A > 0 are
computed explicitly and reduce to the classical one as A — 0.

For any A > 0, g(\,y) = e=¥VA y > 0, is an z-independent eigenfunction of the
Laplacian A = A, + 35 with eigenvalue \. So, if Uy(x,y) is an eigenfunction of A
with eigenvalue )\, then uy(z,y) = g(\,y)"1Ux(z,y) is a harmonic function for the
operator A, + 07 — 2v/A0,. Therefore, the subordination measure v(\, y,)dt is a
solution of the parabolic equation

O = agu - 2\/X8y1/, y>0,¢t>0,

which satisfies v(\, y,t) — do(t), as y — 0, and v(\,y,t) — 0, as y — 0.
Passing to the Laplace transform variables, we get that v(\,y,t) is the Laplace
transform of the function

PNy, k) = eV AeTATE,
But, e9VF is the Laplace transform of
(47T)—1/2yt—3/26—y2/4t7
so k — (A, y, k) is the Laplace transform of

ye—y\/X €_>\t€_y2/4t
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The Poisson kernels Qy(z,y,2’) which give rise to the eigenfunctions with eigen-
value A > 0 are obtained by

(6]

ie.

Qrle,.) =gy) [ Kt .t
0
yo-2Vx o0 oo /3t mrtgmy
2ym Jo o (dwt)n/? t3/2
A e—2uVA _ntl
— P (- 0?) T K (VAo -2 a2).
T2

, p-146, formula (29), where K, is the modified Bessel function.

We note that, since K, (z) ~ @ (%)m, m >0, as ¢ — 0, we get
n+1
2\ 2 1
Qx(z,y,2')— <—) F(n; ) y —, as A — 0,
T EES)
(le =2 +2) *

the classical Poisson kernel of the Euclidean upper-half space.
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